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ABSTRACT 


A new lower bound on the computational complexity of the theory of real 
addition and several related theories is established: any decision procedure for 
these theories requires either space 2€" or nondeterministic time 2€"2 for some 
constant € > O and infinitely many n. 

The proof is based on the families of languages TISP(T(n),S(n)) which can 
be recognized simultaneously in time T(n) and S(n) and the conditions under 
which they form a hierarchy. 
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1. In ction 
We consider the computational complexity of the theory of real addition 
(ThCR,+>) and several related theories. Previous results provide the following 
bounds on the complexity of Th¢<R,+>: 
1) Lower bound [FIR74]. Any decision procedure for Th<R,+> requires 
nondeterministic time 2°") for infinitely many n. 


2) Upper bound [FeR73]. Th<R,+> le decidable within space 2°("), 


Because the precise relation between ‘computation time and space remains 
unknown, there is an exponential Geena whan upper and lower bounds are 
both expressed in terms of time or space alone. That is, the exponential lower 
bound (1) for time is only known to ime. ‘ linear space lower bound; the 
exporential upper bound (2) for space is only known to imply a double 
exponential upper bound for time. 


In this thesis we improve the lower bound, showing in particular 


Main Theorem: There is an € > 0 such that any decision procedure for Th<R,+> 
requires e/ther more than space 2©" or more than nondeterministic time ZEN” tor 


infinitely many n. 


Let (N)TISP(T(n),S(n)) be the family of languages recognizable by a 
(non)deterministic Turing machine which runs in time T(n) and space 8(n) 


simultaneously for almost all n. The Main Theorem is equivalent to the assertion 


that Th<R,+> Is not a member of NTISP(2®",2€) for some € > 0. 

We do not interpret the Main Theorem as suggesting the likelihood of an 
inherent time-space tradeoff among decision algorithms for Th<R,+>. The 
Theorem merely leaves open the possibility of such a tradeoff. 

The Main Theorem applies to other theories such as monadic predicate 
calculus and exponentially bounded concatenation theory, all of which can be 
shown to be log-linear equivalent [SM73, STO74]. Recently Berman has 
observed that Th<R,+> is an example of a language ‘conslate under polynomial 
time reduction in what is essentially the class Alt(2",n) of languages 

recognizable by alternating Turing machines using time on and .n alternations 
[BER77, CSTO76, KO76]. Our results imply that wrise(2"™ 27) ¢ at(2°) o(n)), 
an observation which we interpret as supporting the conjecture that Berman's 
alternating machine complexity classes properly contain the languages 


recognizable in nondeterministic exponential time. 


ll. TIME-SPACE CLASSES 


The basic computational model used is a deterministic or nondeterministic 
multitape Turing machine (DTM or NTM). it has a finite number of worktapes, 
each with a single read-write head which can move in both directions and a 
single input tape with a two-way read-only head. An accepting computation of 
a Turing machine M on input x is a computation of M which starts with the 


word x written on the input tape and the rest of the tapes blank, and 


terminates in an accepting state. The time of a computation is the number of 
steps in It; its space is the number of worktape squares visited during the 
computation (input tape equeres not counted). By the linear speed-up theorem 
[HU6Q9], It suffices to specify time and space bounds only to within a constant 
factor (e.g., It is unnecessary to specify the base of a logarithm). All time and 
space bounds are assumed to be positive valued functions on the positive 


integers. 


Definition 1: Let T and S be functions from the positive integers to the positive 
integers. Then a (n)tiep(T,S)-machine is a (non)deterministic multitape Turing 
machine which on every input of length n computes for time at most T(n) and 


space at most S(n). 


Remark: Both time and space bounds have to be observed by a single 


computation. 


Definition 2: Let Z be a finite alphabet. Then (N)TISP(T(n),S(n)) is the set of 


languages A ¢ Z* tor which there exists a (n)tisp(T,S)-machine M such that for 
all x « Z* (where n denotes the length of x) 
1) if x € A then there is an accepting computation of M on x, 


li) if x € A then there is no accepting computation of M on x. 


We will show that under some tamilier "honesty" conditions [GLI71, SFM73] 


upon T and S, TISP(NTISP) defines a hierarchy in the following sense: for small 


increases in the growth rate of T and & new languages can be accepted which 


could not be eccepted before. 


Definition 3: [SFM73] A function is fully constructible if there is a OTM M such 
that for each input of length n M halts in precisely space S(n) with the string 


#5 5(")-2% on one of ite work tapes. 


Definition 4: [SFM73] A function T(n) is a running time if there is a DTM M 
such that for each input of length n, the computation of M has precisely T(n) 


steps. 


Definition 5: Two functions T(n) and 8(n) are compatible if each of them is 


computable by a tiep(T,S)-machine. 


Remark: if two functions T and & are compatible then T is a running time and 
S is fully constructible. it is a major open problem for which pairs of functions 


the converse holds. 


Theorem 1: Let T, and 8; and To and 85 be compatible functions respectively. 
if | | 
C1) Ty(nplog(T 4 (n)) = of To(n)) end 
(11) Syn) = of82(m)) 
eos ’ 


TISP(T(n),84(n)) & TISP(T9(n),8a(n)) . 


Proof: 

It Is a well-known result that condition (1) suffices to show that 
DTIME(T,(n)) (1.e., the class of languages recognized by a DTM within time 
T4(n) ) Is property contained in DTIME(T2(A)). Likewise condition (i) suffices to 
obtain a similar result for deterministic space [HUGO]. It le straightforward to 


combine these proofs to obtain the separation result for TISP. We omit the 


details. O 
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Theorem 2: Let So(n) 2 log(n) and let T, and 8, end Tp end S be compatible 
respectively. | | | 
if 
(1) Ty(ne1) = ofTo(n)) and 
C11) S4(ne1) = of82(n)) 
then | 


NTISP(T ,(n),84(n)) & NTISP(To(n),8o{n)) . 


Proof: 

Condition (1) suffices to obtain a separation result for nondeterministic time 
classes whereas condition (li) js adequate to get a similar result for 
nondeterministic space classes [SFM73]. We will sketch how to combine the 
proofs of these results - assuming femillerity with the notation of [SFM73] - to 
obtain a proof of Theorem 2. The conditions for the program code (Appendix | in 
[SFM73]) are the same as for the time and space theorem (Theorem 1 and 
' Theorem 2 in [SFM73]) . The universe! simulator first lays off 8o(n) squares 
and then behaves like the clocked version. Only in the case when k 2 T(|x/) 
and log(k) 2 S{|x}) does the machine M' behave like the machine M. In ali other 


cases it behaves lke U;- Oo 


Re ee Ay ar Rn ei ae eS eee ns 
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‘(Basic fee proving the bain Thearam de-the. abtion: OF log-imear reduolbanty 


defined in [STO77]. 


Lemma_1: 


Let A Sing.un 8, Tin) and S(n) be monotone nondecreasing functions. Then 


there is some polynomial p and some constant c > 0 such that 


(i) 
DTIME(T(n)+p(n)) DTIME(T(cn)) — 
| DSPACE(8(n)+log(n)) DEPACE(S(on)) 
A¢ | =>B¢ — 
NTIME(T(n)+p(n)) NTIME(T(on)) 
NSPACE(S(n)+log(n)) NSPACE(S(cn)) 
(li) 
| TISP(T(n)p(n),8(n)}+log(n)). TISP(T(on),8(cn)) 
A¢ => B¢ 
NTISP(T(n)p(n),8(n)+iog(n)) | NTISP(T(cn),8(en)) 


For a proof of part (1) of this Lemma see [STO74]. Part (ll) can be 


shown in an analogous way. 
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lll. THE THEORY OF REAL ADDITION 


Let ® = <R,+> be the structure consisting of the set of all real numbers 
with the operation of addition. Let Th) be the first order theory of ®, Le., 


the set of all first order sentences true in R. 


As a technical tool for the proof of the Main Theorem as stated in the 
introduction we will use the first order theory of string concatenation and what 
we call t-bounded concatenation theory. Meyer [FMS768) has shown that 
2"-bounded concatenation theory Is log-in reducible to Th). We will show 
that NTIsp(2™,2") Is log-lin reducible to 2"-nounded concatenation theory. The 
Main Theorem then follows immediately from Lemma 1, Theorem 2 and the 


transitivity of log-lin reducibility. 


Definition 6: Let Z be a finite set and let L(Z) be the first order language with 
equality, with constants ¢ for each ¢ € Zz, and whose only atomic formulae 
(other than equalities) are of the form cat(x,y.z). The elementary theory of 
concatenation, CT(Z), is the set of true sentenes in L(Z) under the following 
interpretation: Z* is the underlying domain, the constant symbols denote the 
elements ¢ « Z, and for a,b,c « Z*, cat(ed,c) Is true iff a is the concatenation 


of b and c. 


We assume that one of the standard formats is used for writing well 


formed formulae in cr) which ere built up with propositional connectives and 
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quantifiers as usual. The /ength of a formula le the number of symbols in the 
formula where subscripts are written in binary. . 
By bounding the fength of strings in CT(Z) (in a sense made precise in 


the following definition), we obtain bounded ooncatentation theory. 


Definition 7: Let Z be a finite set and let L(Z) be the first order language with 
equality, with constants ¢ for each ¢ € Z, and whose only atomic formulae 
(other than equalities) are of the ‘ore beat(e,b.c,.n). Then for any function 
t: N +N, we define t-bounded concatenation theory (t-BCT(Z)) as the set of 
true sentences in L(Z) under the following interpretation: Z* Is the undertying 
domain, the constant symbols denote the elements ¢ « Z, and for a,b,c « 2*, 
beat(a,b,c,n) ts true iff @ ie the concatenation of b and c and the length of a 
is smaller than or equal to t(n), where n is the unary numeral for the 


nonnegative integer n. 


Remark: As n is written in unary the length of the atomic formula beat(a,b,c,n) 


ts proportional to n plus the size of the variables a,b and c. 


in reducing NTISP to bounded concatenation theory it is convenient to 
restrict the underlying computational model to be a "simple" one-tape Turing 
machine (STM) [STO77]. This can be done without loss of generality because 
an STM can simulate a muititape Turing machine with only a quadratic time loss 
and no space loss [HU69]. Furthermore, we assume that any move which shifts 


‘the head off the left end of the tape causes the STM to halt and reject the 
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input. 

In the reduction we will describe the computation of an STM with short 
formulae in 2°"-BcT(Z). Let M be an STM, let Q denote the set of its states 
and § its | tape alphabet. An Instantaneous description (..) of M le any word In 
S*as*. As in [STO77] we define the function Wexty, : stas* + 28°08", where 
Next,,(d) Is the set of i.d.'s that can opcur one step after id. d. We remark 
here that Nexty 's length preserving. it suffices to make “local checks" within 
id. d, and Ld. d, to decide if d, « Nexty(d,). The reason for this is that in 


one step only a few symbols around the state symbol cen change. 


Lemma 2: [STO77] Let M be an STM, $¢8uQ, and Ze8uQuiS). There is a 


function Ny : Z? + 22° with the following properties: 
Let d, be any I.d. of M, fet k be the length of d, and suppose 
$d,$ = d,0d,,d,5----- dud, avr «Where d,, « 2 tor Os J < k1 and 


Sd = dd, ,dz-tyda,,, where d, €Z for Os js ket 


then 


dz © Nextyd) HE ds daidaey © Muli itty) forall 1's J sk 


For a proof of Lemma 2 see [STO74]. Informally Ny specifies all 
possibilities of how the symbols of one i.d. can change in. one step. 

The classes 1-TISP and 1-NTISP are defined for ‘8TW's in the same way 
that TISP and NTISP were given in Definition 2 above for (n)tisp(T,8)-mechines. 


Then the main lemma can be stated as following: 
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Lemma 3: (VA © 1-NTISP(2™, 2°) EXA Siggyq 2™-8CTCE)). 


Proof: 

Let M be a nondeterminietic STM recognizing AS G* simultaneously within 
time 2" and space 2", Let Z be the eiphabet for M given in Lemma 2. For 
each x € 6* we wil describe a sentence &, in 2™"-BCT(Z) which asserts that 
there je an accepting computation of M on input x. Thus x «A iff S, Is true in 
2°"-BCT(Z). We will then observe that the function mapping x to 8, Is 
Scaiitebie “ih. ‘deteranistie! lagapane cad’ te: lisagr: elated visy-the. Janeth oF 
S,, is at most proportional to the length of x. This wil then complete the proof. 

Let n = |xj. The computation to be described ie 2° steps tong, thus a 
word consisting of @ representation of the whole computation would be of length 
2°(N7) and therefore too long to be expressed in the language of 2™-BcT(Z). 
Instead we shall define the formula &, based on the construction of the formula 


P,,(z) which, for all integers k,n and for all z « 2%, is true iff 


1) z Is a string of the form $z,$z,8...8z,,8 , 

2) z, represents an i.d. , 1sjs2", 

3) iz) = 2%1, 1sjs 2", 

4) In some computation of M which'ls started In Id. 2, the I.d. z,,, can be 


reached in at most 2°" steps using space at most 2", 15 55 2". 
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The formulae P, ,(z) will be defined inductively. First we will write them In 
CT(Z) to clarify the idea undertying the construction of the appropriate formulae 
in 2°"_BcT(z). | 


As a notational convenience we will introduce some abbreviations for 


formulae in concatentation theory. Let A = {¢ 1 a---8,}, where @, € Z for 


Tsisk. 
Abbreviation Formula 
pear _cat(p,q,r) 
p= qs. - (3xXp = qx an x ® rs) 
ped | (p=e,)v.. v (p= ¢,) 
pe A* | (VxyzXp = xyznyeZ + y € A) 
pcq —— (AxyXq © xpy) 


We also define for each k € N a formula £(x) of concatenation theory 
which is true iff the length of x Is equal to k. We define £(x) inductively in 
such a way that the length of the formula Iteelf le proportional to log(k) plus 


the length of the variable x. 
£00) = xed 
£00) 23 (3y,zXx = yz an (VwX(w 2 y vw 8 2) + £(w))) 


£4,00  3@ (3y.2Xx = yz an Bly) a £,(z)) 


Furthermore we note that the new variables introduced in constructing £,. 


are ae cere a: at a Ane een eae a 


Ww 


from £, need only be distinct from each other and from the free variables of £.. 


Thus only a constant number of different veriables is needed to construct £.. 


The formula Form(z) will assert conditions 1) - 3) above. We use the 
convention that in every I.d. the state symbol q is positioned immediately to the 


left of the symbol being scanned. 


Form(z) := (Awz=Sw8) A £ayonya,4(2) AC¥2,){(82,8cz a $¢z,) + 


[4on,(2,) 9 (aw,.waXw,,we8* a qeQ a wie A z,=w,qw, )})} (1) 


As the induction base we wii construct the formula P,_(z) which satisfies 
the conditions 1) - 3) ebove and the conditions that each of the successive 


i.d.'s are either identical or follow in one step. 


_ Po (z) «= Form(z) 0 (Wz,,z,)[(8z,82,6cz n S¢z, 0 $¢z,) + (3w,,8,,4,8,,.W,U) 


(8,,8,€5UI8) » geQ a $z,89w,8,q8,W, A Z,2w,UW, A UENy(8,98,))] (2) 


For the induction step we will write a formula P,,, (2) using P,,(z) as a 


subformula. The basic idea is that id. z.. can be reached in 2**1)" steps 


‘1 
from |.d. z, iff there is a string w which has z, es a prefix, z,,, as a suffix and 


for which P, (w) holds. Thus P,,,,(z) can be written as : 


Prerg(2) © Forma) a (Wz,2,0(82,82,8c2 0 $¢z, 0 S¢z,) + 
(aw, XP,,(82z,8w,8z,0))} (3) 
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This complates the inductive construction of P, ,(2). 


We remark here that the length of P,,,. le equal to a constant plus the 
length of P,, and the length of the formula Form. The formula Form is of length 
O(n). Hence P., Is of length O(n) primary because of the n occurences of 
Form. “However there Is a stenderd “abbreviation trick* (RA76, FeR78) which 
allows n occurrences of subformulae which are the same - except for the name 
of the variables - to be replaced by single occurences of n distinct variables 
and one occurrence of the subformule. Applying this abbreviation trick to P_, 


would yield an equivalent formula P',, of length O{niog(n)). 


We wish now to construct a short formula b-P, (z) in the language of 
2°".BCT(Z) which is true iff conditions 1) - 4) as above hold. The 
straightforward way to obtain such a b-P, , |e to first rewrte P_, 80 that the 
(ormilal boat Feplaten ede cocuvenon etest Since there are onty proportional 
to n occurrences of cat In P',, and the length of beat ie O(n), one could next 
apply the standard abbreviation triok on the. multiple ocourrences of beat to 
obtain a formula b-P,, which le also of length O(niog(n)). This would be enough 
to prove a version. of our Main Theorem with 20("7/0g%N)) in piace of 2007) 
and 20n/109(")) in piece of 2°), In the paragraphs below we will give a 
slightly more complicated construction yielding « formula b-P,, which is actually 
of length O(n). 
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The idea of the construction is as follows: the formula S, ,(a,b,¢,d,0,z) 


will mean the same as 

beat(a,b,c,n) A Lans(d) A Laanayes(@) A Py glz). 
Thus the formula 5,,,,(a,b,0,d,0,z) will be equivalent to 
(3f.9,u)S, .(,b,0,f,0.u) 0 (3u)8, ,(€,«,¢,d,0,u) 0 P,,, (2) 


(where € denotes the empty string). 


Now note that as in (3) P,,, .(2) le equivalent to 


- Form(z) 0 (Vz, 2,4 (8z,8z,8cz a S¢z, 0 S¢z,) + 
(4w, f.0X8, ,(€,€,¢,f.9,.82,Sw,Sz,8))]. (4) 


Similarly the formula Form(z) as in (1) ls equivalent to 


(3w)(z=Sw8) » (3f,u)8, (e,€,6,f.2u) 0 (Vz,){(8z,8cz n S¢z,) + 
[(ag,u)S, ,(€,<,€,2,.9,u) A (Www aXw,,w,€8™ A geQ A wwe A Z,2w,Qw.)]} (5) 


We observe now that the meaning of formulae equivalent to (4) and (5) 
does not change if each occurrence of the formula cat Is replaced by the 
formula beat as the length of all strings in (4) and (6) is bounded by 2°”. 


Thus (4) and (5) can equivalently be written by replacing each occurrence of 
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cat(p.q,r) by (3f,9,u)8, (p.q,,f.g.u). So we can conclude that a formula S',,,,,, 


equivalent to §& can be written using a fixed number 


k+i1,n 
(independent of k and n) of copies of 8, plus a fixed number of additional 
quantifiers, variables and logical connectives. We assume now that the reader 
is familiar with the technical detalis of the abbreviation trick and we merely 
summarize its application to S',,,,, Applying the ebbreviation trick to S',,,,, 
yields the formula S,,,., which has only one copy of 6, as a subformula and a 
fixed number of quantifiers, variables and logical connectives. Again we note 
that no difficulty arises if the new variables introduced in constructing S,,,,, 
coincide with variables bound inside 8,,, Thus only a constant number of 


additional variables are needed to construct S 


length of S,,,,, Is O(k+1) plus the length of S,.. 


We will proceed now in constructing a formula S, n64:b,0,d,e,Z) whose 
meaning is the same as beat(a,b,c,n) and £n,,(d) and fonon,2,,(0) and Pp ,(z). 
As we want the length of &, a to be proportional to n, we shail require a 
formula b-£,, ,(a,b,c,d) written in the language of 2°"-BCT(Z) whose length Is 
O(n) plus O(log(m)) plus the length of a,b,c and d and which means that 
beat(a,b,c,n) holds and that the length of d is m, where m is any integer < 2°". 
The construction of b-£, ,,(a,b,0,d) Is similiar to the one for £,,(d). 

We henceforth use the same notational abbreviations as were introduced 
for formulae In cr(z) except that p = qr is an abbreviation for the formula 


beat(p,q,r,n). 


at 


b-#, ,,(a,b,c,d) = beat(a,b,c,n) a d € Z 
bBo n(@b.c.d) = (Je,fX¥p.q,.s)I(<p.0r,0>8<d,e,f,e> v <p.q,rs>=<a,b,c,f>) + 


b-fome1n(@ibi.d) = (Fe,fXb-LRg a(de,f,e) a b-£, ,(0,b,0,f)) 


By carefully reusing bound variables in the construction above, only a 
fixed number of distinct variables Is needed. Thus the length of b-£,, ,(a,b,c,d) 
is O(n) plus Oflog(m)) plus the length of a,b,c and d. Note that therefore the 
lengths of the formulae b-2.n,, n60sb,6,4) and bof ancany2y+1 nia:b,0,d) are both 


proportional to n plus the length of a,b,c and d. 


Now tet b-P,, (2) be the formula obtained from P, (2) as given in (2) by 
first replacing each of occurrence of £,(d) by b-£,, n(€,€,€,d) and then by 
substituting the formula beat(p,q,r.n) for each occurrence of the formula 
cat(p,q,r). As only a fixed number (independent of n) of copies of the formulae 
b-£onss,n > P=Zonzny2ye1,n and beat (not including the beat's inside b-fmn) are 
needed to write the formula b-P,, , the length of b-P, (z) Is proportional to n. 


Finally, we take 5S, (a,b,c,d,e,z) to be 
© ebony yg (Osb,0,d) A b-fonanzayss n(ErEE,0) A b-Py (2) - 


Therefore the length of S, ,(a,b,0,d,0,z) ts O(n). 
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Thus we have shown how to construct a formula 5, _(a,b,0,d,e,z) In the 
language of 2°"-BCT(Z) whose mesning is the same.as the conjunction of 
Dahan yg Msi0,0), D-Lanangares G6,6,0) and b-P, (z) and whose length is 


proportional to n. 


Now to complete the construction of 8, we will need, in addition to S,,, 
a ‘oie IN, ,(w) which is true iff w le the string X, Let XXX, be the 
successive symbols in x. Then the straightforward way to write the formula 
IN, ,(w) uses n different veriables and therefore ite length would be niog(n). 
Instead We will define a formula |, ,(6,b,c,w) whose meaning le the seme as the 


conjunction of IN, ,(w) and boat(a,b,c,n), suoh that the length of I, , Is O(n). 


le nfa,b,c,w) = beat(a,b,c,n) awe. 
For ueZ", ved, we define | 
tue n(@sb.c,w) := (Jw, Vp.q.r,8)[(<p,q,r,8>86w,w,,W,> Vv <P,9,5,8>8<a,b,0,w,>) + 


lu,n(Por-8)] 


Again we note that In can be constructed using a fixed number of 


distinct variables. 


Finally let S, be the following formula, where q, denotes the initial state, 


Gq the accepting state and 6 the biank tape symbol. 


S, := (3w.b,z,u)[l, y(ecew) a be(6)* n Sq,wbSq,uécz a S, ,(€,€,€,99U,2,2)] 


RRM Gn tty die Bathe Pa EN 


Clearly x € A iff &, Is (true) in 2"°-BCT(Z). We have already shown that 
"the function mapping x to S, is linear bounded. The results of [SM73, LIN74] 
may be used to how that the computation of S, can be carried out within 
deterministic logspace; we leave the verification of this final claim to the 


reader. Hence the transformation of x to 8, implies that A Sigg un 2*".BcT(Z). 


Remark: For any c > 1 and any alphabet Z there exists an alphabet © such 


that 2°"-BCT(Z) is log-in reducible to 2"-BCT(O). 


Lemma 3 and the preceding remark, together with the reduction of 


2"-BCT(Z) to Th<R,+> completes the proof of the Main Theorem. 


IV. OPEN PROBLEMS 


In this thesis we classified logical theories with respect to both 
computation time and space. The basic open question remaining is to 
characterize the nares of Th<R,+> (or equivaientty Ait(2",n)) more precisely 
in. terms of time and space. Note that the claims that Ait(2".n) Is equivalent to 
NTIME(2") or equivalent to SPACE(2"), or both for that matter, remain consistent 
with our Main Theorem. 

A second related open problem is to improve the known lower bounds on 
the complexity of Presburger Arithmetic. Such improvements do not follow 


directly by the same method used to bound Th<R,+>, as can easily be seen by 
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parameterizing our main result. We have shown that for f(n)=2", the class 
NTISP(f(n)",f(n)) reduces ‘é Th<R,+>. The same proof shows only that 
NTISP(g(n)",g(n)) reduces to Presburger Arithmetic where g(n)=22" » @ result 
which degenerates to the known results (FIR74] that nTiME(22” ) reduces to 
Presburger Arithmetic. 

We hope that the framework we have set up leads to a better 
understanding of the relation between the computational jeneurees time and 


space. 


BIBLIOGRAPHY 


[BER77] 


[CsT076] 
[FeR73] 


[FeR78] 


(FIR74] 
[FMS76A] 


[FMS76B] 


{GLI71] 


[HU6o] 


[ko76] 


[LIN74] 
[RA765] 


[SEI74] 


Berman, L., "Precise Bounds for Presburger Arithmetic and the Reais 
with Addition," Proceedings of the 18th Annual Symposium on 
Foundations of Computer Science, Providence, Rhode Island, 
1977. 


Chandra, AK., and L.J. Stockmeyer, "Aiternation," Proceedings of 
the 17th Annual Symposiom on Foundations of Computer Science, 
Houston, Texas, 1976. 


Ferrante, J., and C. Rackoff, "A Decision Procedure for the First 
Order Theory of Real Addition with Order," MIT Project MAC 
TM 33, 1973. 


Ferrante, J., and C. Rackoff, "The Computational Complexity of 
Logical Theories," Springer Verlag, 1978 (to appear). 


Fischer, M.J., and M.0. Rabin “Super-Exponential Complexity of 


Presburger Arithmetic", SIAM-AMS Proceedings Vol.vVili, American 
Mathematical Society, Providence, Rhode Isiand, 1974. 


Fleischmann, K., B. Mahr, and D., Siefkes, “Bounded Concatentation 
Theory as a Uniform Method for Proving Lower Complexity 
Bounds, " Purdue University, C8D-TR202. 


Fleischmann, K., B. Mahr, and D. Siefkes, “Complexity of Decision 
Problems,” Technische Universitat Bertin, Bericht Nr.76-09, 1976. 


Glinert, E.P., "On Restricting Turing Computability," Mathematical 
Systems Theory, Vol.6, No.4, Springer Verlag, 1971. 


Hopcroft, J.E., and J.,D. Uliman, Formal Languages and their Relation 
to Automata, Addison-Wesley, Reading, Massachusetts, 1969. 


Kozen, D., "On Parallelism in Turing Machines,” Proceedings of the 
17th Annual Symposium on Foundations of Computer 
Science,Houston, Texas, 1976. 


Lind, J.C., “Computing in Logarithmic Space," MiT Project MAC TM 52, 
1974, 


Rackoff, C., "The Computational Complexity of Some Logical Theories,” 
MIT Project MAC TR 144, 1976. 


Selferas, J.!., "Nondeterministic Time and Space Complexity Classes," 
MIT Project MAC TR 137, 1974. 


[SFM73] ' Selferas, J.!., M.J. Fisher, and A.R. Meyer, “Refinements of the 
Nondeterministic Time and Space Hierarchies," Proceedings of 
the 14th Annual Symposium on Programming and Automata 
Theory, iowa City, lowa, 1973. 


([8mM73] Stockmeyer, L.J., and A.R. Meyer, “Word Problems Requiring 
Exponential Time: Preliminary Report," Proceedings of the 
5th Annual ACM Symposium on Theory of Computing, 1973. 


[ST074] Stockmeyer, L.uJ., "The Complexity of Decision Problems in Automata 
Theory and Logic," MIT Project MAC TR 133, 1974. 


[ST077] Stockmeyer, L.J., "The Polynomial Time Hierarchy," Theoretical 
Computer Science, Vol.3, North Holland Publishing Company, 1977. 


27 


APPENDIX: RELATION BETWEEN THE COMPLEXITY CLASSES 
S,(f(n),o(n)) [BER77] AND Ait(t(n).a(n)) 


In his paper Berman [8ER77] introduced a new complexity measure based 


on the specification of sets by bounded quantification of linear-time predicates. 


Definition 1: [BER77] A set Is in the complexity class 8, (fKn),9(n)) if there is a 
linear-time predicate A(-) on strings such that 
An{x | Jy {VOY anf R(xatDy @...#y 0.0) A lyf) A 4 Deas lsfxDD 


Furthermore he observes that Th<R,+> is complete in LJs, (2K"n) under a 
polynomial time reduction. We will show that the complexity measure S, Is 


essentially the same as the measure Alt defined by: 


Definition 2: A set is In the complexity class Ailt(t(n),a(n)) if there is an 
alternating Turing machine [CSTO76] which accepts A within time t(n) using at 


most a(n) alternations. 
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Lemma_1: 
Let f(n) and g(n) be computable in time f(n)g(n) and f(n) zn. Then 
| 5, (f(n),o(n))  Aitéfindg(n).g(n)) 


Proof:. 

Let A € S,(f(n),g(n)). To show that A is also a member of Ait(f(n),g(n)) 
we will describe a computation of an alternating Turing machine M which 
accepts A within time f(n)g(n) using at most g(n) alternations. | 

The proof is very similar to the one of Theorem 6 in [KO76] and we 
assume familiarity ‘with the notions used there. Let x € A, n = |x}. On input x 
M first writes x#' on its tepe. Now it enters an existential state to write 
down x#fy, (where ly,ist(n) ). Then by changing into an ‘iiierenl state it 
writes iow xaMy ay, for all y, with ly,j<f(n). It proceeds now alternating 
existential and universal states until xaty 6... 10) is written on the tape. 
This can be done with at most f(n)g(n) steps and g(n) alternations. Now M 
checks the predicate R(x#'y @...8y 09) and accepts iff A(-) Is true. As R(-) 
is a linear-time predicate, M uses at most f(n)g(n) steps to check it. As we 
can speed up the wise computation by a constant factor, M accepts A within 


time f(n)g(n) using at most g(n) alternations. O 


Lemma 2: 
Let t(n) 2. n. Then 


Alt(t(n),a(n)) c 8, (t(n),a(n)) 


Proof: 

Let A be a set accepted by an alternating Turing machine M within time 
t(n) using at most a(n) alternations. To skapiify the following proof we assume 
(w.l.o.g.) that M has only one tape on which initially the input is written. 
Furthermore we adopt the convention that once M enters the accepting state 
q, it keeps running in Gs: We also assume that the initial state is an 
existential state. We want to show that A ie aleo in the class S,(t(n),a(n)). 
To clarify the construction of the predicate R(-) as required in Definition 1 we 
will first show that A Is in the class &,(t(n)?,a(n)). 

Let x € A and n = |xj. A computation of Mon x can be described by a 
sequence of strings Y¥V20rVarn) where each y, ls a sequence of i.d.s all of 
which only contain states of one kind, universal if | ls even, existential if | is 
odd. We define the predicate A,(x0")'y,#...0y,..) to be true iff y,#y.6...Y4¢9) 
describes an accepting computation of M on input x 
(Le., y,#y#...#¥() ® d,04,0...8dy¢ with d, being the initial i.d., dj, the 


accepting I.d. and for 1 < i < t(n)-1 the id. d,., follows from i.d. d, in one 


+1 


computational step) or there is an i.d. d, which Is a substring of some y,, 


1 s js Lt(n)/2J and is not a successor i.d. of d,,. 


It Is now straightforward to verity that 
. {x | x accepted by M} = 
{x | BY VY Ay aaLR (x ¥,#-MY egy) A ly ifn) A ... A Wagayl<tind}} 
We remark only that without the second clause in the definition of R,, the 
predicate 3y,Vy,..0y,)F,(-) le never true es the quantifiers range over ail 
strings. i 

Now note that at most 2 symbols change between two consecutive |.d.s. 
These changes are determined by the next move function of M. Now let 
Uy rthyey be a sequence of strings which describes a sequence of moves in a 
computation of M. That means that for each |, 1 < 1s t(n), u, Is a string of the 
form pdq, where p denotes the symbo! to be printed, d the direction of the 
move of the head and q the state to be entered. A computation of M contains 
at most a(n) alternations. Therefore up to t(n) consecutive moves correspond 
to situations where M does not change between universal and existential state 
and we will replace each such sequence by single variables w,, 1 s j < a(n). 
As the length of the strings u, Is constant the length of the strings w, is at 
most of order t(n). We will construct now a linear-time predicate 
R(x#'w,#...Pwye) which is true iff there Is en accepting computation of M on 


x determined by u, through u 


t(n) or for some u, which is part of some Wo) 


1 s js Lt(n)/2) the following Is true: u, does not describe a legal move for 
the configuration obtained by applying the moves u, through u,, on input x. 
The predicate R(xo%w @...0w,.) can be computed in time linear in its 


input by the following straightforward procedure: 
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1) construct the initial Ld. from x 

2) for each | check If u, describes a legal move (this can be done by 
comparing u, baaleat the 3-tupies determined by the transition function) 
If u, describes a legel move: update the owrent Ld. 
otherwise: halt and output true if u, is in part of some w, and j is even 
otherwise halt and output false | 


3) check if the string Un) contains the symbol q,. 


‘Clearly the above procedure doss not take more than O(t(n)) steps. 0 
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